Abstract. We compute the Picard groups of the universal Jacobian stack and of its compactification over the stack of stable curves. Along the way, we prove some results concerning the gerbe structure of the universal Jacobian stack over its rigidification by the natural action of the multiplicative group and relate this with the existence of generalized Poincaré line bundles. We also compare our results with Kouvidakis-Fontanari computations of the divisor class group of the universal (compactified) Jacobian scheme.
Pic(J d,g
). Following a strategy due to Mumford in [Mum83] , we next apply the Grothendieck-RiemannRoch theorem to the morphism π : J ac d,g,1 → J ac d,g in order to produce relations among the tautological line bundles. In particular, we prove in Theorem 5.3 that all the tautological line bundles can be expressed in terms of Λ(1, 0), Λ(0, 1) and Λ(1, 1). In particular, the tautological subgroup Pic taut (J ac d,g ) (resp. Pic taut (J ac d,g )) is generated by the three line bundles Λ(1, 0), Λ(0, 1) and Λ(1, 1) (resp. and the boundary line bundles).
After these preliminaries, we can now state the main results of this paper, concerning the Picard groups of J ac d,g and J d,g and of their compactfications J ac d,g and J d,g . We prove that all the Picard groups in question are free and generated by tautological line bundles and boundary line bundles (if any). More precisely, we have the following.
Theorem A. Assume that g ≥ 3.
(i) The Picard group of J ac d,g is freely generated by Λ(1, 0), Λ(0, 1) and Λ(1, 1).
(ii) The Picard group of J ac d,g is freely generated by the boundary line bundles and the tautological line bundles Λ(1, 0), Λ(0, 1) and Λ(1, 1).
Theorem B. Assume that g ≥ 3. (ii) The Picard group of J d,g is freely generated by the boundary line bundles and the tautological line bundles Λ(1, 0) and Ξ.
Let us now sketch the strategy that we use to prove Theorems A and B. Since the stack J ac d,g is smooth we have a natural exact sequence In Theorem 4.1, we prove that the above exact sequence is also exact on the left, or in other words that the boundary line bundles are linearly independent in the Picard group of J ac d,g . In order to prove this, we use the same strategy used by Arbarello-Cornalba in [AC87] to prove the analogous statement for the boundary line bundles of M g : we construct some test curves F j → J ac d,g , in number equal to the number of boundary line bundles, and prove that the intersection matrix between these test curves F j and the boundary line bundles of J ac d,g is non-degenerate. This reduces the proof of Theorem A(ii) to the proof of Theorem A(i).
Moreover, using the fact that the pull-back morphism ν *
) is injective and it sends the boundary line bundles of J d,g into the boundary line bundles of J ac d,g , we get that also the boundary line bundles of J d,g are linearly independent (see Corollary 4.6), or in other words that we have an exact sequence: We conjecture that the cohomological Brauer group Br (J d,g ) is generated by [ν d ] (see Conjecture 6.9 and the discussion following it).
From the computation of the order of [ν d ] and the above exact sequence, we get that res(Pic(J ac d,g )) = (2g −2, d+1−g)·Z. Moreover, we compute the values of the map res on the generators of the tautological subgroup Pic taut (J ac d,g ) ⊆ Pic(J ac d,g ) in Lemma 6.2 and deduce that res(Pic taut (J ac d,g )) = (2g−2, d+ 1 − g) · Z. This easily reduces the proof of Theorem A(i) to the proof of Theorem B(i). Furthermore, it shows that Pic taut (J d,g ) is generated by Λ(1, 0) and the line bundle Ξ of (1.2). The Picard group of J d,g can be determined with the help of the following exact sequence ) and we deduce
From the exact sequence (1.5), we deduce now that
) is free of rank two; Theorem B(i) now follows.
In the last Section of the paper, we relate the Picard group of the moduli stack J d,g with the divisor class group Cl(J d,g ) of its moduli scheme J d,g , which was computed by Fontanari [Fon05] 
is the natural map towards the moduli scheme of stable curves of genus g and ∆ i ⊆ M g is, as usual, the irreducible divisor of M g whose generic point is an irreducible curve with one node if i = 0 or, for i > 0, the union of two irreducible components of genera i and g − i meeting in one point. Moreover, Fontanari proved that there is an exact sequece
where the last map is the restriction map and the first map sends each ∆ i into its class in Cl (J d,g ). The Picard group of J d,g and the divisor class group of J d,g are related by the pull-back via the natural map
, which induces a map from the exact sequence (1.4) into the exact sequence (1.6). In Section 8 we prove the following result.
It is likely that the same techniques used in this paper could lead to the computation of the Picard group of the degree-d compactified universal Jacobian stack J ac d,g,n over the stack M g,n of n-pointed stable curves of genus g constructed in [Mel10] and of the universal vector bundle over M g constructed in [Pan96] . We plan to come back to these two problems in a near future.
The paper is organized as follows. In Section 2, we summarize the known properties of the stacks J ac d,g and J d,g , including a description as quotients stacks, as well as the properties of their moduli scheme J d,g , including its construction as a GIT quotient (see 2.1 and 2.8). Moreover, we recall some basic facts about the Picard group of a stack (see 2.11) and how to construct natural line bundles on moduli stacks by using the determinant of cohomology and the Deligne pairing (see 2.15). Finally, we recall the computation of the Picard group of the stack M g of stable curves of genus g by Harer and Arbarello-Cornalba (see 2.19). In Section 3, we describe the boundary divisors of J ac d,g and we explain how they are related to the pull-back of the boundary divisors of M g . In Section 4, we show that the line bundles on J ac d,g associated to the boundary divisors are linearly independent. In Section 5, we introduce the tautological line bundles on J ac d,g and we study the relations among them. In Section 6, we compare the Picard groups of J ac d,g and of J d,g using the Leray's spectral sequence associated to the rigidification map ν d : J ac d,g → J d,g . Moreover, we compute the order of the G m -gerbe ν d in the Brauer group of J d,g . In Section 7, we compute the Picard group of J d,g using the fibration
Moreover, in Lemma 7.4, we determine the relation between the line bundle Ξ and the universal theta divisor. In Section 8, we compare the Picard group of J d,g with the divisor class group of its moduli scheme J d,g .
1.1. Relation to algebraic topology. After a preliminary version of this manuscript has been posted on arXiv, J. Ebert and O. Randal-Williams posted on arXiv the manuscript [ERW] , which contains, among other things, some results that are closely related to Theorem A(i) and Theorem B(i) in the case when our base field k is the field of complex numbers. We now explain the relation between our results and the results of [ERW] .
In [ERW] , the authors introduce two holomorphic stacks Hol 
) an are the analytifications of the complex algebraic stacks J ac d,g and J d,g . The horizontal maps are most likely isomorphisms although we have not checked this in detail.
The authors of loc. cit. consider tautological classes κ i,j ∈ H 2i+2j (Hol 
where T v E is the relative tangent line bundle of the family π : E → B of Riemann sufaces, which is of course dual to the sheaf ω π of relative differentials of π. In particular, the classes κ i,0 are the pull-back to Hol Theorem 1.1 (Ebert, Randal-Williams). Assume that g ≥ 6. Then
is freely generated by λ, κ −1,2 , and ζ :=
generated by λ and
The diagram (1.7) gives two natural homomorphisms
. The next result is obtained by comparing Theorems A(i) and B(i) with Theorem 1.1. Corollary 1.2. Assume that g ≥ 6. The homomorphisms of (1.9) are isomorphisms.
Proof. The fact that the first map in (1.9) is an isomorphism follows by comparing Theorem A(i) and Theorem 1.1(i) by mean of the formulas
where the first formula follows from Lemma 5.1 and the last two formulas follow from Theorem 5.3 together with the facts that c 1 (K −1,2 ) = κ −1,2 and c 1 (K(0, 1)) = −κ 0,1 . Note that the minus sign appearing in this last equality is due to the fact that in defining the classes κ i,j ∈ H 2 (Hol d g , Z) (see (1.8)), Ebert and Randal-Williams use the relative tangent sheaf while our definition (5.1) of the tautological line bundles K i,j ∈ Pic(J ac d,g ) uses its dual sheaf, namely the sheaf of relative differentials.
The fact that the second map in (1.9) is an isomorphism follows by comparing Theorem B(i) and Theorem 1.1(ii) using the formula
λ.
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Notations.
1.3. We fix two integers g ≥ 2 and d: g will always denote the genus of the curves and d the degree of the Jacobian varieties. Given two integers m and n, we set (n, m) for the greatest common divisor of n and m. In particular the greatest common divisor
will appear often in what follows. Similarly the number
will appear repeatedly throughout the paper and hence it deserves a special notation.
1.4. We work over an algebraically closed field k of characteristic 0. All the schemes and stacks we will deal with are of finite type over k. The only place where the assumption on the characteristic of k is used is the fact that we use the explicit determination of the Picard group of M g by Harer and Arbarello-Cornalba (see Theorem 2.21 for the precise statement), which is known to be true only in characteristic zero. However, in positive characteristic, the same statement remains true for the rational Picard group of M g by the work of Moriwaki in [Mor01] . Therefore, all our statements hold in positive characteristic for the rational Picard groups.
1.5. We will often assume, for simplicity, that g ≥ 3. This is the case for two of the main results of this paper, namely Theorems A and B.
The reason for this assumption is that the Picard group of M g is freely generated by the Hodge line bundle Λ and the boundary line bundles {O(δ 0 ), . . . , O(δ [g/2] )} if g ≥ 3 (see Theorem 2.21) while if g = 2 then Pic(M g ) is still generated by Λ and the boundary line bundles but with the relation Λ 10 ⊗ O(−δ 0 − 2δ 1 ) = 0 (see 2.19). Indeed, all the above mentioned results continue to hold for g = 2 if we add the relation pull-backed from the relation Λ 10 ⊗ O(−δ 0 − 2δ 1 ) = 0 in Pic(M 2 ) or its image Λ 10 = 0 in Pic(M 2 ).
Preliminaries
2.1. The stacks J ac d,g and J d,g Let J ac d,g be the universal Jacobian stack over the moduli stack M g of smooth curves of genus g. The fiber of J ac d,g over a scheme S is the groupoid whose objects are families of smooth curves C → S endowed with a line bundle L over C of relative degree d over S and whose arrows are the obvious isomorphisms. J ac d,g is a smooth irreducible (Artin) algebraic stack of dimension 4g − 4 endowed with a natural forgetful morphism
The multiplicative group G m naturally injects into the automorphism group of every object (C → S, L) ∈ J ac d,g (S) as multiplication by scalars on L, endowing J ac d,g with the structure of a G m -stack in the sense of [Hof07, Def. 3.1] or, equivalently, with a G m -2-structure in the sense of [AGV09, Appendix
There is a canonical procedure to remove such automorphisms, called 
The new stack J d,g is a smooth, irreducible and separated Deligne-Mumford stack of dimension 4g − 3 and the map Φ d is representable.
A modular compactification of the stacks J ac d,g and J d,g was described by Caporaso in [Cap05] for some degrees and later by Melo in [Mel09] for the general case, based upon previous work of Caporaso in [Cap94] . Let us review this compactification.
Definition 2.2. [Cap94, Sec. 3.3] A connected, projective nodal curve X is said to be quasistable if it is (Deligne-Mumford) semistable and if the exceptional components of X do not meet. The exceptional locus of X, denoted by X exc , is the union of the exceptional components of X. Definition 2.3. [BMV, Def. 3.5 and 3.6] Let X be a quasistable curve of genus g ≥ 2 and L a line bundle of degree d on X.
(1) We say that L (or its multidegree) is properly balanced if • for every subcurve Z of X the following ("Basic Inequality") holds
where
(2) We say that L (or its multidegree) is strictly balanced if it is properly balanced and if for each proper subcurve Z of X such that deg Z L = m Z (d), the intersection Z ∩ Z c is contained in the exceptional locus X exc of X.
Remark 2.4. It is easy to check that:
(i) The basic inequality (2.1) for Z is equivalent to the one for the complementary subcurve Z c := X \ Z; (ii) If Z is a disjoint union of the subcurves Z 1 and Z 2 , then the basic inequality (2.1) for Z 1 and Z 2 implies the one for Z.
In particular, it is enough to check the basic inequality (2.1) for all subcurves Z such that Z and Z c are connected. 
Let J ac d,g be the category fibered in groupoids whose fiber over a scheme S consists of the groupoid whose objects are families of quasistable curves C → S endowed with a line bundle L of relative degree d, whose restriction to each geometric fiber is properly balanced (we say that L is properly balanced), and whose arrows are the obvious isomorphisms. The multiplicative group G m injects into the automorphism group of every object (C → S, L) ∈ J ac d,g (S) as multiplication by scalars on L. As in the smooth case, the rigidification morphism
There is a natural morphism of category fibered in groupoids (
) is an irreducible and smooth (Artin) stack of finite type over k and of dimension 4g − 4 (resp. 4g − 3). It contains the stack
) is of finite type, universally closed and surjective. Moreover, the following diagram commutes :
The following conditions are equivalent:
J ac d,g and J d,g as quotient stacks
In [Cap05] and [Mel09] , the stacks J ac d,g and J d,g are described as quotient stacks. Let us review this description since we will need it in what follows.
Note that, for every n ∈ Z, there are isomorphisms
is an isomorphism of G m -stacks and therefore, by passing to the G m -rigidification, it induces an isomorphism φ 
(ii) The GIT-quotient The above construction gives the following commutative diagram, which we record for later use:
The Picard and the Chow groups of a stack
In this subsection, we are going to briefly recall the definition and the main properties of the Picard group and of the Chow group of an algebraic stack that we are going to use later. We refer to [Edi] for a nice survey on the subject.
Let X be an Artin stack of finite type over k. The definition of the (functorial) Picard group of X was introduced by Mumford (see [Mum65, p. 64 
]).
Definition 2.12 (Mumford) . A line bundle L on X is the data consisting of a line bundle L(f ) ∈ Pic(S) for every morphism f : S → X from a scheme S and, for every composition of morphisms T
, with the obvious compatibility requirements. The tensor product of two line bundles L and M on X is the new line bundle
The abelian group consisting of all the line bundles on X together with the operation of tensor product is called the Picard group of X and is denoted by Pic(X ).
If X is isomorphic to a quotient stack [X/G], where X is a scheme of finite type over k and G is a group scheme of finite type over k, then Pic(X ) is isomorphic to the group Pic Definition 2.13 (Edidin-Graham). An i-th Chow cohomology class c on X is the data consisting of an element c(f ) belonging to the i-th operational Chow group A i (S) for every morphism f : S → X from a scheme S and, for every composition of morphisms T
, with the obvious compatibility requirements.
The sum of two i-th Chow cohomology classes c and d on X is the new i-th Chow cohomology class c⊕d on X defined by (c⊕d)(f ) := c(f )⊕d(f ) together with the isomorphisms (c⊕d)(f •g) ∼ = g * (c⊕d)(f ) induced by those of c and d.
The abelian group consisting of all the i-th Chow cohomology classes on X together with the operation of sum is called the i-th Chow group of X and is denoted by
If X is isomorphic to a quotient stack [X/G], where X is a scheme of finite type over k and G is a group scheme of finite type over k, then
The first Chern class gives an homomorphism
In the sequel, we will use the following results concerning the Picard group of a smooth quotient stack. 
By Theorems 2.10(i) and 2.9, all the properties stated in Fact 2.14 hold for the stacks we will deal with, namely J ac d,g , J d,g , J ac d,g and J d,g . Moreover, it is well-known that the same properties hold true for M g and M g .
The determinant of cohomology and the Deligne pairing
There are two standard methods to produce line bundles on a stack parametrizing nodal curves with some extra-structure (as J ac d,g ), namely the determinant of cohomology (introduced in [KM76] ) and the Deligne pairing (introduced in [Del87] ). The aim of this subsection is to recall the main properties of these two constructions, following the presentation given in [ACG11, Chap. 13, Sec. 4 and 5].
Let π : X → S be a family of nodal curves, i.e. a proper and flat morphism whose geometric fibers are nodal curves. Given a coherent sheaf F on X flat over S (e.g. a line bundle on X), the determinant of cohomology of F is a line bundle d π (F ) ∈ Pic(S) defined as it follows. In the special case where π * (F ) and R 1 π * (F ) are locally free sheaves on S, one sets
In the general case, one can always find a complex of locally free sheaves f : K 0 → K 1 on S such that ker f = π * (F ) and coker f = R 1 π * (F ) and then one sets
The determinant of cohomology satisfies the following properties, whose proof can be found in [ACG11, Chap. 13, Sec. 4].
Fact 2.16. Let π : X → S be a family of nodal curves and let F be a coherent sheaf on X flat over S.
(i) For every exact sequence of coherent sheaves on X flat over S
there is a canonical isomorphism
(ii) If F is locally free then there is a canonical isomorphism
where ω π is the relative dualizing sheaf of the family π.
(iv) The formation of the determinant of cohomology is functorial in the following sense: given a Cartesian diagram
Given two line bundles M and L on the total space of a family of nodal curves π : X → S, the Deligne pairing of M and L is a line bundle M, L π ∈ Pic(S) which can be defined as
The Deligne pairing satisfies the following properties, whose proof can be found in [ACG11, Chap. 13, Sec. 5]. 
(iii) The formation of the Deligne pairing is functorial in the following sense: given a Cartesian diagram
Remark 2.18. Since the determinant of cohomology and the Deligne pairing are functorial (see Fact 2.16 and Fact 2.17), we can extend their definition to the case when π : Y → X is a representable, proper and flat morphism of Artin stacks whose geometric fibers are nodal curves.
The Picard group of M g
In this subsection, we recall the definition of the tautological line bundles on M g and the computation of the Picard group Pic(M g ).
The universal family π : M g,1 → M g is a representable, proper and flat morphism whose geometric fibers are nodal curves. Using the relative dualizing sheaf ω π and the constructions recalled in Section 2.15, we can produce the following tautological line bundles on M g :
The line bundle Λ(1) is called the Hodge line bundle and it is denoted by Λ. Using Fact 2.16, it is easily checked that Λ associates to a family of stable curves {f : C → S} ∈ M g (S) the line bundle
We will abuse the notation and denote also with Λ the restriction of Λ to M g is also denoted by Λ. We will apply the same abuse of notation to the other tautological line bundles in (2.6).
Recall that the boundary M g \M g decomposes as the union of irreducible divisors δ i for i = 0, . . . , [g/2] which are defined as follows: δ 0 is the boundary divisor of M g whose generic point is an irreducible nodal curve of genus g with one node while, for any 1 ≤ i ≤ [g/2], δ i is the boundary divisor of M g whose generic point is a stable curve formed by two irreducible components of genera i and g − i meeting in one point. We will denote by ∆ i ⊂ M g the image of δ i ⊂ M g via the natural map M g → M g . We set δ := i δ i and denote by O(δ) the associated line bundle on M g (see Fact 2.14(i)). Similarly for
Mumford showed in [Mum83] that all the tautological line bundles (2.6) on M g can be expressed in terms of the Hodge line bundle Λ and the line bundle O(δ). More precisely, he proved the following result (see also [ACG11, Chap. 13, Sec. 7] for a proof).
Theorem 2.20 (Mumford). The tautological line bundles on M g satisfy the following relations
The Picard groups of M g and of M g are described by the following theorem proved by ArbarelloCornalba in [AC87, Thm. 1], based upon a result of Harer [Har83] .
is still generated by Λ (resp. by ΛandO(δ 0 ), O(δ 1 )) but with the extra relation Λ 10 = 0 (resp. Λ 10 ⊗ O(−δ 0 − 2δ 1 ) = 0), see respectively [Vis98] and [Cor07] .
The aim of this Section is to describe the irreducible components of the boundary divisor J ac d,g and their relationship with the boundary divisors of M g .
Consider the following irreducible divisors in the boundary of J ac d,g :
(A) δ 0 is the divisor whose generic point is a pair (C, L) where C is an irreducible curve of genus g with one node and L is a degree d line bundle on it. (B) For 1 ≤ i ≤ g/2 and k d,g |(2i − 1), δ i is the divisor whose generic point is a pair (C, L), where C is formed by two smooth irreducible curves C 1 and C 2 of genera respectively i and g − i meeting in one point, and L is a line bundle of multidegree
) is the divisor whose generic point is a pair (C, L 1 ) (resp. (C, L 2 )), where C consists of two smooth irreducible curves C 1 and C 2 of genera respectively i and g − i meeting in one point, and L 1 and L 2 are line bundles of multidegree
(D) If g is even and k d,g |(g − 1) (i.e. d is odd), δ g/2 is the divisor whose generic point is a pair (C, L), where C is formed by two smooth irreducible curves C 1 and C 2 both of genera g/2 meeting in one point, and L is a line bundle of multidegree
Note that in the above cases (C) and (D)
3.1. Notation: Sometimes it is convenient to unify the notation for the cases (A) and (B) and for the cases (C) and (D). For this reason, we always assume that
and we set δ Theorem 3.2.
(
) (see 2.1) and moreover M g \M g = i δ i (see 2.19). By the Definition 2.3, it is easy to check that we have a set-theoretical equality
This proves part (i). Part (ii) is equivalent to proving that we have a scheme-theoretic equality in (3.2). To achieve that, we need a local description of the morphism
where Def C st (resp. Def (C,L) ) is the miniversal deformation space of the stabilization C st of C (resp. of the pair (C, L)) and Aut(C st ) (resp. Aut(C, L)) is the automorphism group of C st (resp. the automorphism 
g/2 to be the closure of the locus of curves consisting of two smooth curves of genera g/2 joined by a rational curve R ∼ = P 1 . The stabilization C st is obtaining by contracting the rational curve R to a node n and it will be a general point of δ i . As before, we have that Def
, where x 1 can be chosen as the coordinate corresponding to the smoothing of the node n, and Aut(C st ) is as in (3.3). On the other hand, by [BFV11, Proof of Theorem 1.5, Case (3)], we have that Aut (C,
where u 1 corresponds to the node C 1 ∩ R and v 1 corresponds to the node C 2 ∩ R. Moreover, the action of G − 1) , the divisor δ g/2 , even though irreducible, has two branches locally at (C, L), which we call δ 1 g/2 and δ 2 g/2 , whose equations are (u 1 = 0) and (v 1 = 0)). Since q * (x 1 ) = (u 1 · v 1 ), we conclude also in this case.
As a Corollary of the above Theorem 3.2, we can determine also the irreducible components of the boundary of J d,g . We set 
Proof. The Corollary follows straightforwardly from Theorem 3.2 and the fact that
Independence of the boundary divisors
The aim of this Section is to prove that the line bundles corresponding to the irreducible components of the boundary of J ac d,g are linearly independent in Pic (J ac d,g ). More precisely, we will prove the following result. 
where the right map is the natural restriction morphism and the left map is the natural inclusion.
Using Theorem 3.2(i) and Fact 2.14(ii), we have that the exact sequence (4.1) is exact except perhaps to the left. It remains to prove that the map on the left is injective, or in other words that the line bundles associated to the boundary divisors of J ac d,g are linearly independent in Pic (J ac d,g ).
The strategy that we will use to prove this is the same as the one used by Arbarello-Cornalba in [AC87]: we shall construct maps B → J ac d,g from irreducible smooth projective curves B (i.e. families of quasistable curves of genus g parametrized by B, endowed with a properly balanced line bundle of relative degree d) and compute the degree of the pullbacks of the boundary divisors of Pic(J ac d,g ) to B. Actually, we will construct liftings of the families F h (for 1 ≤ h ≤ (g − 2)/2), F and F ′ used by Arbarello-Cornalba in [AC87, p. 156-159]. For that reason, we will be using their notations.
Since
2), throughout this section we can make the following
The Family F Start from a general pencil of conics in P 2 . Blowing up the four base points of the pencil, we get a conic bundle φ : X → P 1 . The four exceptional divisors E 1 , E 2 , E 3 , E 4 ⊂ X of the blow-up of P 2 are sections of φ through the smooth locus of φ. Note that φ will have three singular fibers consisting of two incident lines. Let C be a fixed irreducible, smooth and projective curve of genus g − 3 and p 1 , p 2 , p 3 , p 4 four points of C. We construct a surface Y by setting
We get a family f : Y → P 1 of stable curves of genus g: the general fiber of f consists of C and a smooth conic Q meeting in 4 points (see Figure 1 below), while the three special fibers consist of C and two lines R 1 and R 2 such that |R 1 ∩ R 2 | = 1, |R 1 ∩ C| = |R 2 ∩ C| = 2 (see Figure 2 below).
Choose a line bundle L of degree d on C, pull it back to C × P 1 and call it again L. Since L is trivial when restricted to {p i } × P 1 , we can glue it with the trivial line bundle on X and, thus, we obtain a line bundle L on the family Y → P 1 of relative degree d. Proof. Since the property of being properly balanced is an open condition, it is enough to check that L is properly balanced on the three special fibers of f : Y → P 1 . According to Remark 2.4, it is enough to check the basic inequality for the three subcurves R 1 ∪ R 2 , R 1 and R 2 . The balancing condition for 
which is satisfied because deg Ri (L) = 0 and 0 ≤ d < 2g − 2.
We call F the family f : Y → P 1 endowed with the line bundle L. Forgetting the line bundle L, we are left with the family F of [AC87, p. 158]. We can compute the degree of the pull-backs of the boundary classes in Pic(J ac d,g ) to the curve F :
The first relation follows from the fact that deg We start with the same family of conics φ : X → P 1 that we considered in the construction of the family F . Let C be a fixed irreducible, smooth and projective curve of genus g − 3, E be a fixed irreducible, smooth and projective elliptic curve and take points p 1 ∈ E and p 2 , p 3 , p 4 ∈ C. We construct a surface Z by setting
We get a family g : Z → P 1 of stable curves of genus g: the general fiber of g consists of C, E and a smooth conic Q intersecting as in Figure 3 . The three special fibers consist of C, E and two lines R 1 and R 2 , intersecting as shown in Figure 4 . We choose two line bundles of degree d and d − 3 on C, we pull them back to C × P 1 and call them, respectively, L 1 and L 2 . Similarly, we choose two line bundles of degree 0 and 1 on E, we pull them back to E × P 1 and call them, respectively, M 1 and M 2 . We glue the line bundle L 1 (resp. L 2 ) on C × P 1 , the line bundle M 1 (resp. M 2 ) on E × P 1 and the line bundle O X (resp. ω −1 X/P 1 , the relative anti-canonical bundle of φ : X → P 1 ) on X, obtaining a line bundle M 1 (resp. M 2 ) on Z of relative degree d.
Lemma 4.4. The line bundle M 1 is properly balanced if
Proof. Since the property of being properly balanced is an open condition, it is enough to check that M is properly balanced on the three special fibers of g : Z → P 1 . By Remark 2.4, it is enough to check the basic inequality for the subcurves E, C, R 1 and R 2 ∪ E. The basic inequality for C,
X/P 1 has degree 1 on R 1 and R 2 ). Finally, the basic inequality for
we call F ′ 2 the family g : Z → P 1 endowed with the line bundle M 2 . Both families F ′ 1 and F ′ 2 , when defined, are liftings of the family F ′ of [AC87, p. 158]. We can compute the degree of the pull-backs of some of the boundary classes in Pic(J ac d,g ) to the curves F ′ 1 and F ′ 2 , in the ranges of degrees where they are defined (note that Φ 
The first relation follow, by using the projection formula, from the relation deg 2 ) Fix irreducible, smooth and projective curves C 1 , C 2 and Γ of genera h, g − h − 1 and 1, and points x 1 ∈ C 1 , x 2 ∈ C 2 and γ ∈ Γ. Consider the surfaces Y 1 = C 1 × Γ, Y 3 = C 2 × Γ and Y 2 given by the blow-up of Γ × Γ at (γ, γ). Let us denote by p 2 : Y 2 → Γ the map given by composing the blow-down Y 2 → Γ × Γ with the second projection, and by π 1 : Y 1 → Γ and π 3 : Y 3 → Γ the projections along the second factor. As in [AC87, p. 156], we set (see also Figure 5 ):
We construct a surface X by identifying S with A and ∆ with B. The surface X comes equipped with a projection f : X → Γ. The fibers over all the points γ ′ = γ are shown in Figure 6 , while the fiber over the point γ is shown in Figure 7 . Figure 6 . The general fiber of f : X → Γ.
We will first construct several line bundles over the three surfaces Y 1 , Y 2 and Y 3 , and then we will glue them in a suitable way.
Consider the line bundles M i (i = 1, · · · , 4) on Y 2 given by Figure 7 . The special fiber of f : X → Γ.
Using that deg E O(E) = −1, we get that the restrictions of M i to E and T have degrees:
Notice that the diagonal ∆ of Γ × Γ is such that O Γ×Γ (∆) |∆ = O ∆ since Γ is an elliptic curve. By applying the projection formula to the blow-up
. Using this, we can easily compute the restrictions of M i to S and ∆ (which are canonically isomorphic to Γ):
and
Consider now the integers α 1 , α 2 defined by:
Take two line bundles on C 2 of degrees α 1 and α 2 , and call, respectively, L 1 and L 2 their pull-backs to
Analogously, consider the integers β 1 , β 2 defined by:
Consider two line bundles on C 1 of degrees β 1 and β 2 , and call, respectively, N 1 and N 2 their pull-back to Y 1 = C 1 × Γ. We may assume that N 1 = N 2 if β 1 = β 2 . We now want to define two (possibly equal) line bundles I 1 and I 2 on X, by gluing in a suitable way some of the line bundles on Y 1 , Y 2 and Y 3 , we have just defined. We shall distinguish between several cases: CASE A:
. In this case, we have that (4.5)
Using the inequalities (4.5), we get that
If d − α 1 − β 1 = 0 then we define I 1 = I 2 to be equal to the line bundle on X obtained by gluing N 1 , M 1 and L 1 = L 2 , which is possible since, by (4.4), we have that (
Otherwise, if d − α 1 − β 1 = 1, then we define I 1 = I 2 to be equal to the line bundle on X obtained by gluing the sheaves N 1 , M 2 and L 1 ⊗ π * 3 O Γ (−γ), which is possible since, by (4.4), we have that
Arguing similiarly to the above inequality (4.6), we get that d − α 1 − β 1 = 1, 2. If d − α 1 − β 1 = 1, then we define I 1 = I 2 to be equal to the line bundle on X obtained by gluing
, M 3 and L 1 , which is possible since, by (4.4), we have that (
If d − α 1 − β 1 = 2, then we define I 1 = I 2 to be equal to the line bundle on X obtained by gluing
, which is possible since, by (4.4), we have that (
. In this case, we have that
, and that
. So, arguing similarly to the above inequality (4.6), we get that
we define I 1 to be equal to the line bundle on X obtained by gluing the sheaves
we define I 1 to be equal to the line bundle on X obtained by gluing
. which is possible since, by (4.4), we have that (
Similarly, we get that
If 0 ≤ d < g − 1, we define I 2 to be equal to the line bundle on X obtained by gluing N 1 , M 1 and L 2 , which is possible since, by (4.4), we have that (
If g −1 ≤ d < 2g −2, we define I 2 to be equal to the line bundle on X obtained by gluing N 1 ⊗π * 1 O Γ (γ), M 3 and L 2 , which is possible since, by (4.4), we have that (
Lemma 4.5. The line bundles I 1 and I 2 on X are properly balanced of relative degree d.
Proof. Since the property of being properly balanced is an open condition and the degree is a deformation invariant, it is enough to check that the restriction of I i to the special fiber f −1 (γ) is a properly balanced line bundle of degree d, i = 1, 2.
Observe that, for i = 1, 2, I i is obtained, in all the above cases, by gluing N j ⊗ π * 1 O Γ (aγ) on Y 1 (for some j = 1, 2 and a = 0, 1), M h on Y 2 (for some h = 1, 2, 3, 4) and
Using these facts, the equality deg
is easily checked through a case by case inspection. Accordingly to Remark 2.4, in order to check that (I i ) |f −1 (γ) is properly balanced, it is enough to check the basic inequalities for the subcurves C 1 , C 2 and Γ. The basic inequality for C 1
1 (γ) (N j ) = β 1 or β 2 , which are by definition the closest integers to
, which are by definition the closest integers to
. Finally, the basic inequality for
is satisfied if and only
An easy case by case inspection concludes the proof.
We call F h,1 the family f : X → Γ endowed with the line bundle I 1 and F h,2 the family f : X → Γ endowed with the line bundle I 2 . Note that F h,1 = F h,2 if and only if we are in case A, which happens exactly when k d,g |2h + 1. Both families F h,1 and F h,2 are liftings of the family F h of [AC87, p. 156]. We can compute the degrees of the pull-backs of some of the boundary classes in Pic(J ac d,g ) to the curves F h,1 and F h,2 :
The first relation follow, by using the projection formula, from the relation deg With the help of the above families, we can finally conclude the proof of our main theorem.
Proof of Theorem 4.1. As observed before, it is enough to prove that the line bundles associated to the boundary divisors { δ i :
and i =g/2 (a
in the Picard group of J ac d,g . We want to prove that all the above coefficients a i , a 1 i and a 2 i are zero. Pulling back the above relation (4.8) to the curve F → J ac d,g and using the formulas (4.2), we get that a 0 = 0. Pulling back (4.8) to the curves F ′ 1 → J ac d,g and F ′ 2 → J ac d,g (in the range of degrees in which they are defined) and using the formulas (4.3), we get that
. Finally, by pulling back the relation (4.8) to the families F h,1 → J ac d,g and F h,2 → J ac d,g (for any 1 ≤ h ≤ (g − 2)/2) and using the formulas (4.7), we get that a h+1 = 0 if k d,g |(2h + 1) or h + 1 = g/2 and a 1 h+1 = a 2 h+1 = 0 if k d,g |(2h + 1) and h + 1 = g/2, which concludes the proof.
As a corollary of the above Theorem 4.1, we can prove that the boundary line bundles of J d,g are linearly independent.
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Corollary 4.6. We have an exact sequence
where the right map is the natural restriction morphism and the left map is the natural inclusion.
Proof. As observed before, the only thing to prove is that the above exact is exact on the left, or in other words that the boundary line bundles {O(δ), O(δ
). This follows from Theorem 4.1 using Corollary 3.3(ii) and the fact that the pull-back map ν *
) is injective, as observed in the introduction (see diagram (1.1) )..
Tautological line bundles
The aim of this section is to introduce some natural line bundles on J ac d,g , which we call tautological line bundles, and to determine the relations among them.
Let π : J ac d,g,1 → J ac d,g be the universal family over J ac d,g (see [Mel10] for a modular description of J ac d,g,1 ). The stack J ac d,g,1 comes equipped with two natural line bundles: the universal line bundle L d and the relative dualizing sheaf ω π . Since π is a representable, flat and proper morphism whose geometric fibers are nodal curves, we can apply the formalism of the determinant of cohomology and of the Deligne pairing (see Section (2.15)) to produce some natural line bundles on J ac d,g which we call tautological line bundles:
(5.1) 
for any n, m ∈ Z. Note that, if k = C, the image of the classes κ i,j via the natural map
are, up to sign, the κ i,j classes that were considered by Erbert and Randal-Williams in [ERW] (see Section 1.1).
The pull-back of the tautological line bundles (2.6) of M g via the natural map Φ d : J ac d,g → M g are again tautological line bundles on J ac d,g .
Lemma 5.1. We have that
. Therefore, the relative dualizing sheaves of the families π and π are related by (5.5) Φ * d,1 (ω π ) = ω π . We conclude by using the functoriality of the determinant of cohomology (see Fact 2.16) and of the Deligne pairing (see Fact 2.17).
) is the subgroup generated by the tautological line bundles (5.1) together with the line bundles associated to the boundary divisors of J ac d,g (see Section 3).
The image of Pic
) is defined to be Pic taut (J ac d,g ).
There are some relations between the tautological line bundles on J ac d,g , as shown in the following. 
Proof. Since the first Chern class map c 1 :
) is an isomorphism by Fact 2.14(i), it is enough to prove the above relations in the Chow group A 1 (J ac d,g ). Following the same strategy as in the proof of Mumford's relations in Theorem 2.20 (see [ACG11, Chap. 13, Sec. 7]), we apply the Grothendieck-Riemann-Roch Theorem to the morphism π :
where ch denotes the Chern character, Td denotes the Todd class and Ω π is the sheaf of relative Kähler differentials. Using Fact 2.16, we can compute the degree one part of the left hand side of (5.6):
Let us now compute the degree one part of the right hand side of (5.6). Note that, as proved in [ACG11, p. 383], we have that c 1 (Ω π ) = c 1 (ω π ) and that c 2 (Ω π ) is the class of the nodal locus of the morphism π. In particular, we have that
where δ is the total boundary divisor (3.1) of J ac d,g . The first three terms of the inverse of the Todd class of Ω π are equal to
Using the multiplicativity of the Chern character, we get
Combining (5.9) and (5.10) and using (5.2) together with (5.8), we can compute the degree one part of the right hand side of (5.6)
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Putting together (5.7) and (5.11), we get the relation (5.12) λ(n, m) = 6n 2 − 6n + 1 12
Formula (5.12) for n = 1 and m = 0 gives that
which proves part (i). By substituting (*) into (5.12), we get
Formula (5.13) for (n, m) = (0, 1) and (n, m) = (1, 1) gives that
The system of equations (**) is equivalent to the system (***) κ 0,1 = λ(1, 1) − λ(0, 1),
which also proves parts (ii) and (iii). Substituting (***) into (5.13), we get the following relation The aim of this Section is to study the pull-back map
,g (see Section 2.1). To this aim, consider the Leray spectral sequence for theétale sheaf G m with respect to the map ν d :
). The first terms of the above spectral sequence give rise to the exact sequence
where Pic BG m is canonically identified with the group (G m ) * ∼ = Z of characters of G m . By plugging these isomorphisms into the above long exact sequence, we get the exact sequence 
In order to compute generators for Pic taut (J d,g ), we need first to compute the map res from (6.1) on the generators of Pic taut (J ac d,g ).
Proof. Using the functoriality of the determinant of cohomology (see Fact 2.16), we get that the fiber of
Since G m acts trivially on H 0 (C, ω C ) and on H 1 (C, ω C ), we get that res(Λ(1, 0)) = 0. Similarly, the fiber of
Since G m acts with weight one on the vector spaces H 0 (C, L) and
Finally, the fiber of
Since G m acts with weight one on the vector spaces
Combining the above Lemma 6.2 with Corollary 5.4, we get the following
) via the map res of (6.1) is the subgroup generated by
) is generated by Λ(1, 0) and 
The above definition generalizes the classical definition of Poincaré line bundle, which corresponds to the case m = 1. Proof. In order to prove the statement, we need to introduce some auxiliary stacks. Given m ∈ Z, consider the stack J ac m d,g whose fiber J ac m d,g (S) over a scheme S consists of families C → S of smooth curves of genus g endowed with a line bundle L of relative degree d and whose morphisms between two objects (C ′ → S ′ , L ′ ) and (C → S, L) are given by a triple (g, φ, η) where
The multiplicative group G m injects into the automorphism group of every object (C → S, L) ∈ J ac 
On the stack J ac 
We have now the tools that we need to prove the result. Since [ν 
From the multiplicativity of the determinant of cohomology (see Fact 2.16) applied to the above exact sequences, we get
.
Claim 1 follows now by condition (*). Claim 2: If L C satisfies condition (*) then
Indeed, choose a line bundle M ∈ J d−g+1 (C) and consider the Cartesian diagram
where t M is the map sending L ∈ J g−1 (C) into L ⊗ N ∈ J d (C). The line bundle L
−1 is clearly a Poincaré line bundle for J g−1 (C) and it satisfies condition (*) since L C satisfies condition (*) by assumption. Therefore, using the functoriality of the determinant of cohomology (see Fact 2.16) and Claim 1, we get the following equality in N S(J g−1 (C)):
Claim 2 now follows from the well-known fact that Now choosing a Poincaré line bundle L C that satisfies condition (*), formula (7.8) together with Claim 1 and Claim 2 gives that
θ C , which proves (7.6).
By combining the above results, we can now prove the main Theorems A and B from the introduction. Therefore, Pic(J d,g ) is generated by Λ(1, 0) and by Ξ by Corollary 6.3(ii). Consider now the exact sequence (7.1). Combining the factorization of χ d provided by (7.4) with formula (7.5), we get that RPic(J d,g ) is free of rank one. On the other hand, using Theorem 2.21 (since g ≥ 3 by assumption), we know that Pic(M g ) is free of rank one. Therefore the exact sequence (7.1) gives that Pic(J d,g ) is free of rank two, which concludes the proof of part (i). Theorem B(ii) follows now from part (i) and Corollary 4.6.
Proof of Theorem
Proof of Theorem A. Let us first prove Theorem A(i). From (7.10) and Corollary 6.10(ii), we deduce that ) and the universal theta divisor Θ ⊂ J ac g−1,g , which is the closed substack parametrizing pairs (C, L) ∈ J ac g−1,g such that h 0 (C, L) > 0. Observe that Θ naturally descends to a divisor on the rigidification J g−1,g , which we denote by Θ and we call the universal theta divisor on J g−1,g . By construction, the restriction of Θ to any fiber Φ −1 d (C) = J g−1 (C) is isomorphic to the theta divisor Θ(C) ⊂ J g−1 (C). Consider first the special case d = g − 1. From the definition (6.2) of Ξ and using the definition (5.1) of the tautological line bundles, we get that Ξ = Λ(0, 1) = d π (L g−1 ) , where L g−1 is the universal line bundle on the universal family over J ac g−1,g . It is well know that d π (L g−1 ) is the line bundle associated to the universal theta divisor, or in other words we have that (7.13) Ξ = O(Θ) if d = g − 1.
For an arbitrary d, we consider the stack S 1/k d,g g of k d,g -spin curves, where as usual
Recall that S 1/k d,g g is the stack whose fiber over a scheme S consists of the groupoid of families of smooth curves C → S of genus g, plus a line bundle η on C of relative degree (d − g + 1, 2g − 2) over S endowed with an isomorphism η ⊗k d,g ∼ = ω C/S . The stack S
Using (7.13) and (7.15) together with standard properties of the determinant of cohomology (see Fact 2.16), we get that
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In order to compare (7.16) and (7.17), we apply the Grothedieck-Riemann-Roch theorem to the sheaf η 
